A new approach to critical exponents in phase-transitions of spin-systems

G. Prüßner, D. Loison and K.D. Schotte Institut für Theoretische Physik, Freie Universität Berlin, Arnimallee 14, 14195 Berlin, Germany Gunnar.Pruessner@physik.fu-berlin.de, Damien.Loison@physik.fu-berlin.de, Klaus.Dieter.Schotte@physik.fu-berlin.de

Abstract

We investigate an alternative approach to obtain critical exponents from standard numerical simulations of spin-systems. We show that by analyzing the inverse logarithmic derivative of the susceptibility χ with respect to temperature instead of the susceptibility directly the accuracy and efficiency of determining the exponent γ can be increased by at least one order of magnitude. The two and the three dimensional Ising models are used for a test.

P.A.C.S. numbers: 75.10.-b, 05.70.Fh, 64.60.Cn, 75.40.Mg

I. INTRODUCTION AND METHOD

Monte Carlo simulations (MCS) are still very helpful for studying phase transitions and determining critical exponents [1,2]. There exist two regimes, which allow us to obtain critical exponents from MCS. In the first region near the critical temperature, it is possible to use a very powerful method called “finite size scaling” to obtain very precise exponents [3]. However this method can be difficult to apply, (for instance for edges and corners [24] or fractal lattices) or moreover lead to an incomplete [4] or even wrong picture. Therefore it is useful to obtain the critical exponents in the second region far away from the critical temperature where the correlation length ξ is smaller than the system size but where the critical behavior has already set in (for example [5]) and can be seen directly. Thus even though finite size scaling is expected to produce better results whenever applicable, the objective of this article is to improve the second method for cases where an alternative is necessary.

According to the definition of critical exponents, one approximates the diverging thermodynamic quantity, for example the susceptibility χ, in the vicinity of the critical temperature as follows:

χ = a^±_0 |T − T_c|^{−γ} (1)

with γ the critical exponent and a^+_0 or a^−_0 referring to the high temperature phase (HTP), where T > T_c, or to the low temperature phase (LTP), where T < T_c, respectively. In general a^+_0 ≠ a^−_0 even in the case of 2D-Ising and therefore the traditional method (1) must treat the regions LTP and HTP separately. To eliminate the a^±_0 and therefore to improve the standard method we calculate χ^′ =^∂_{∂T} χ and fit the quantity χ/χ^′ (the inverse logarithmic derivative of χ) which varies as χ ∂ ∂T χ = (T − T_c) (−γ) (2) in both the LTP and HTP regions. In general the region, where (1) can be used as a good approximation is unknown. The importance of higher order corrections grows with the distance from T_c noticeable as a deviation from the straight line behavior of (2). Thus it is necessary to simulate the system as close to T_c as possible. However when ξ becomes very large we are confronted with the problem of to large simulation time, since we require L ≫ ξ. Neglecting critical slowing down the CPU time needed to simulate a given number of independent samples of a d-dimensional system of size L is proportional to L^d. So the limited CPU-time suppresses highly accurate numerical results for large system sizes near T_c and thus the results for the high and the low temperature phase will be separated by a more or less wide strip, where no reliable result exists. Since (2) is independent of a^±_0 we can bridge this strip and have a common fit in the whole interval from the lowest to the highest temperature (LTP, the separating strip and HTP). Even if higher orders may differ in both phases, the first keeps untouched.

In the following we apply our method to the two [6–12] and the three dimensional Ising model concentrating on the comparison to the traditional fit (”direct fit”).

II. APPLICATION TO 2D-ISING.

We considered systems of linear dimension L in the range 100 to 350 periodic boundary conditions imposed. In the LTP Wolff’s algorithm was used [13,14] and in the HTP the Swendsen-Wang-Algorithm [15] as effective means to reduce critical slowing down. The simulations were carried out at temperatures between 2.10 to 2.55 (T_c = 2.269 · · ·). It was verified that L ≥ 10 ξ with help of the Fourier transform of the correlation function [16].

In each simulation, three million measurements were made after each cluster update and 500.000 steps were done for equilibration. Since we want to compare the standard method and our modification using (2), special care has been taken to estimate the errors using the Jackknife-method [17].

For each temperature T we calculated the energy E = −J ∑ ⟨i,j⟩ sisj where the sum is over all nearest neighbors and the susceptibility χ =^{⟨M 2⟩−⟨M⟩2}_{NkB T} . For the magnetization M the sum is over all N = L^2 spins. The thermodynamic averages are given by ⟨· · ·⟩. We also calculated χT/(χT )^′ and χ_4T^3/(χ_4T^3)^′ using^∂_{∂T} ⟨A⟩ =^1_{kB T 2} (⟨AE⟩ − ⟨A⟩⟨E⟩). The temperature is present to minimize the corrections. For the same reason we derive by β rather than T . In the HTP we set ⟨M⟩ and all odd moments of M to 0. In Fig. 1 these ratios are plotted as function of the inverse temperature β = 1/T . As expected the graph cross in zero at β_c = 1/T_c.

We fitted our numerical results to

⟨χ_nT^{n−1}⟩ = f_0 |T − T_c|^{−γ} (1 + a_1(T − T_c) + a_2(T − T_c)^2 + · · ·) (3) ⟨χ_nT^{n−1}/(χ_nT^{n−1})^′⟩ = (T − T_c) −γ (1 + a_{1p}(T − T_c) +

a_{2p}(T − T_c)^2 + · · ·) (4)

where in the case of 2D-Ising γ = 1.75. Of course a_{ip} can be related to a_i.

We found out that χ between T = 2.11 and T = 2.51 [19] gives the best fit to (1) with 4 free parameters, which means one correction term for the direct method and two for our. Choosing a larger interval the error increases.

The results for γ by the traditional method, which works either in the LTP or in the HTP, are γ^{LT P}_{χT} = 1.745(16) and γ^{HT P}_{χT} = 1.760(72). As expected our method which uses both the HTP and the LTP in the same fit gives better result (i.e. smaller error): γ^{LT P +HT P}_{χT /(χT )}′ = 1.746(5). However the important parameter is the CPU-time, one needs to get reliable results and small errors. Here the advantage of our method becomes immediately clear.

In Fig. 2 we have plotted the estimated value and error of γ as function of CPU-time we would need to calculate it. The various values of γ in the plot were generated by excluding more and more data from the fit, thus increasing the gap step by step symmetrically around T_c, in order to simulate the quality of the results if less CPU-time is available. In the same figure quick estimates for γ are plotted, which are produced by two-point-fits of pairs of values symmetrically around T_c. One can see immediately the drastic improvement of our adaption (2), which gives significantly more precise results with up to a factor 50 less CPUtime. For example the estimate for γ using the pair with the smallest amount of CPU-time within the range of data we used (see the two filled circles in Fig. 1) is γ^{2 points}_{χT /(χT )}′ = 1.752(14), to be compared to the result to the direct fit which needs a factor 50 more CPU-time.

We want to give some remarks regarding corrections: One could add a correction to (2) of the form a_1(T − T_c)^ω [20] with ω as a additional free parameter, which usually appears in more complicated systems. This is just another degree of freedom for both methods and in our special case this leads as expected to larger errors for both methods, the traditional and our approach. Moreover the assumption that a_1/f_0 in (3) is the same in LTP (a^−_1 /f^−_0 ) and HTP (a^+_1 /f^+_0 ) might not hold exactly in more complicated cases. However even if we introduce this fact in our fit our method keeps more efficient than the direct fit.

Again we want to stress that we want to compare our method to the direct fit in HTP or LTP (1), not to the finite sizes scaling method, which is expected to give at least comparable estimates for critical exponents in similar or shorter time - whenever applicable. In those cases where it is not applicable (see introduction) our method is proposed.

We must obtain a second exponent to get the remaining from scaling laws. However, we need a quantity which does not vanish in the HTP like ⟨M⟩. The first quantity that we can used is χ_4, the fourth derivative of the free energy by the magnetic field. However, the results have large errors as shown in Fig 2 due to the large number of terms and large moments which must be included in the calculation. In our simulation we found γ^{LT P +HT P}_{χ4T} 3 = 5.51(39) to be compared with the exact value 5.50. Hence we used the traditional direct fit of ⟨m⟩, which gives β^{LT P} = 0.1255(7), very close to the exact value of 0.125.

III. APPLICATION TO 3D-ISING.

As another application, we used our method to calculate γ for the three-dimensional Ising model for the two-point method, which is sensible for the violation of the assumption a^−_1 /f^−_0 = a^+_1 /f^+_0 in (3). We use system sizes which ensure ξ ≪ L: L = 64 for β = 1/T = 0.227, L = 40 for β = 0.2163 [21]. 5 10^5 MCS-steps are done for equilibration and 3 10^6 for statistics. We calculate (χT )/(χT )^′ (2) as 0.00400(53) and -0.00434(6) respectively, for the two temperatures. From these results we obtain γ = 1.283(91) which must be compared with γ = 1.240(1) from Renormalization Group [22]. Manifestly this method gives a good and quick estimate for γ. If the two temperatures are closer to the critical temperature the exponent is expected to become better.

IV. SUMMARY

We have shown how to improve the method to obtain information about critical exponents. This method uses results in the high as well as in the low temperature phase, i.e. far away from the critical temperature, where the correlation length is much smaller than the system size. Since our method treats all available data in the same fit, it gives estimates for exponents very fast (up to more than one order of magnitude less CPU-time) and with very small errors. To study the method in detail it has been applied to the well-known 2D-Ising-model. As an example for more complicated cases the method has been applied to only two points of the 3D-Ising-model. Of course this method can be applied directly in all dimensions, for Potts or vector spins and on all systems where finite size scaling has difficulties like Penrose and fractal lattices or phase transition in corners and edges where the finite size scaling region is too small [24].

V. ACKNOWLEDGMENTS

This work was supported by the Alexander von Humboldt Foundation (D.L.).

REFERENCES

[1] J-J Binney, N.J. Dowrick, A.J. Fischer and M.E.J. Newman, The theory of critical phenomena, Oxford University press, New-York, 1995 [2] K. Binder, D.W. Heermann, Monte Carlo Simulation in Statistical Physics, Springer, Heidelberg, 1997.

[3] Barber, in Phase Transition and Critical Phenomena, edited by C. Domb and J.L.

Lebowitz (Academic, New York, 1983), Vol. 8 [4] P. Olson, Phys. Rev. Lett. 75, 2758 (1995), Phys. Rev. Lett. 77, 4850 (1996), Phys.

Rev. B 55, 3585 (1997) [5] M. Hasenbusch and K. Pinn, J. Phys. A 31, 6157 (1998) [6] L. Onsager, Phys. Rev. 65, 117 (1944) [7] R.J. Baxter, Exactly Soluble Models in Statististical Mechanics, Academic Press, London, 1982 [8] B.M. McCoy, T.T. Wu, The Two-Dimensional Ising Model, Harvard University Press, Cambridge, 1973 [9] J.W. Essam, M.E. Fisher, J. Ch. Phys. 38 802, (1963) [10] G. A. Baker, Phys, Rev 124, 768 (1961) [11] M.F. Sykes, D.S. Gaunt, P.D. Roberts, J.A. Wyles, J. Phys. A 5, 624 (1972) [12] T.T. Wu, B.M. McCoy, C.A. Tracy, E. Barouch, Phys. Rev. 13, 316 (1976) [13] U. Wolff, Phys. Rev. Lett. 62, 361 (1989) [14] U. Wolff, Nucl. Phys. B 322, 759 (1989) [15] J-S Wang, R.H. Swendsen, Physica A 167, 565 (1990) [16] C. Holm, W. Janke, Phys. Rev. B, 48, 936 (1993) [17] B. Efron, The Jackknife, The Bootstrap and other Resampling Plans, SIAM, Philadelphia, PA, 1982 [18] W.H. Press, S.A. Teukolsky, W.H. Vetterling, B.P. Flannery, Numerical Recipes in C, Cambridge University Press, Cambridge, 1994 [19] The complete results can by found at

http://www.physik.fu-berlin.de/~pruess/ising2d.data.9905

[20] F. J. Wegner, Phys. Rev. B 5, 4529 [21] M. Hasenbusch and M. Caselle, J. Phys. A 30, 4963 (1997) [22] R. Guida and J. Zinn-Justin, cond-mat/9803240 [23] A. L. Talapov and H. W. J. Blöte, J. Phys. A 29, 5727 (1996) [24] M. Pleiming and W. Selke, Phys. Rev. B 59, 65 (1999); Phys. Rev. E 61, 933 (2000)

FIGURES

FIG. 1.

χT/(χT )^′ and χ_4T/(χ_4T )^′ as function of the inverse temperature, β = 1/T . Their slope gives the inverse of γ and γ_4 = 2 ∗ γ + dν where ν = 1 for ferromagnetic Ising 2D systems. All curves cross in β_c = 0.440686 · · ·. The two filled circles serve as an example for the twopoint-fitting method symmetrically around T_c, here applied to the two points, which need the smallest amount of CPU-time within the range of data we used (see text for details).

FIG. 2.

Result for γ in function of the time of simulation (normalized to a modest PC). The straight lines at 1.75 represent the exact value. The results for γ from our new method are more precise consuming less CPU-time. We cut the last figure at 4.5 × 10^6 s. LTP: Low temperature phase; HTP: High temperature phase.